—Chapter 5—

Special Relativity

and The Fields of

Constant Moving
Charges
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5-1 Einstein's Postulations in Special Relativity

INERTIAL FRAME OF REFERENCE

Inertia refers to the tendency of an object to remain at rest or continue
moving in a straight line at a constant velocity. Newton provided a
quantitative explanation of inertia and formulated it as the first law of
motion:
A body at rest remains at rest or, if in motion, remains in motion
at constant velocity unless acted on by a net external force.

Consider a scenario that an observer is outside the bus, and an
observer and a red ball are inside the bus.
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Frames S, Sj, and S§ are inertial frames of reference where Newton's
first law applies (rest or uniform motion if without external force), i.e.,
if we have frame of references (Sy and Sy ) that are moving relative to
an inertial frame (S) with uniform relative velocities (¥), then these
frames are called inertial frame of references.

Suppose you know that no forces act on S; and Sj’. If S] and S7' appear
to be accelerating from your perspective, reference frames that
represents your perspective are not inertial frames.

GALILEAN TRANSFORMATION IN EUCLIDEAN SPACE

Consider two inertial frames in Euclidean space. The frame S’ is
moving forward with constant velocity v relative to the frame S.
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The relationship between positions in two inertial frames:
x'=x—vt

AR R Galilean transformation

(2) In classical mechanics era, Galilean transformation is a fundamental
law. Thus we could deduce the relative velocity (addition of velocities)
and the invariant of Newton's equation.

1. Relative velocity

dx'" d ( 0 = dx vdt
dt’ dr VY T T ar
Since dt’ = dt, we obtain
dx' _dx  wvdt dx o =
dt' —dt  dt dt 'O HTHTY
2. Invariant of Newton's equation

F' =@—,=mﬂl—’=m—d—(u—v) =mdu
dt’ dt’ dt’ dt’
Since dt’ = dt, we obtain
, du’ du
Femg=mg=F
EXAMPLES:

1. Doppler effect provides a direct evidence to exhibit the validation
of Galilean transformation.

ANSWER:
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f' ——, = N
A (u— U)At’ u—vAt' u-—-v At

Since At = At', we obtam
u

f'= f

u-—v

C. EINSTEIN'S POSTULATIONS

(1) Lorentz forces of constant moving charges
Consider an infinity long wire carrying uniform charge A and a test
charge +q at r.
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- - Q = Q A
E-da=E 2nrl=—=E = =
€o 2megrl  2megr
B=0
B = qF+qix B =1
y =1 v A  2meqr
In S’ frame:
FreB=—l
T 2mepr!
= 2 =4 .Uol’v A
fB,'d,=B"27TT"=‘UOI=[JO/1,U:>B,=— ,Z’
2nr
S o qX' Uoq A v?
FI — EI BI Al — ey — ol
By +qUBY 2megr 2nr Y
Since
1
c? =
Ho€o
we obtain

Thus, the Lorentz force are different in one inertial frame at rest and

B g’ ., qlv? _  qX L v2\
T onegr”  Zmegrc?”’ T 2meqr cz)”

- =
=>Fy ¢Fy

one inertial frame with constant moving velocity.

(2) Michelson-Morley Experiment

OS:

Nineteenth-century physicists thought reasonably at the time
that light must propagate in the ether analogously to the way
that sound propagates in a material medium such as air. Maxwell
asked whether the velocity of Earth relative to the ether might

affect the observed speed of light.
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light source L, |
(diffuse)

Path difference §x = cét

6t=At_At,=2(L1+L2) 1 1 ]
c 1—-v?/c? 1—v2/c2
Asv<c
2 2 2
5tz2_(L_1€i2) <1+%+~->—(1+%+---) =:—3(L1+L2)
Phase difference Ag
2= 2n X =2 SO )
1 2 cz 1T

Observe the shift in the interference pattern.
Experimental results:
v=3x%x10*m/s
Li=L,=12m
A =600 nm
Ap = 2ﬂ(3><104)2 1.2+ 1.2) = 0.08
= AP = G0 x 109 x (3 x 105)2 (2 T 12) = 0.087

Width of fringe d = 6x/A = 0.04 is detectable
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The interference pattern was not changed after rotation, i.e.,

Ap=0=>v=0

The observed speed of light is independent of medium (ether).

< Einstein's Postulations

1. The law of physics are invariant in all inertial frames.
2. The speed of light is always c in all inertial frames.

COMMENTS:
Lorentz force v=0 N
F'#F ¢=
exception
Fr=F i=i+d

"

deduce

Galilean transformation
(fundamental)

New transformation

’
deduce

Fr=F ¢ = constant

\ (fundamental)

D. SIMULTANEITY & SYNCHRONIZING CLOCKS

(1) In Newtonian thinking, consider two events E; and E;, occur

simultaneously in S’ frame.
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Using Galilean transformation, we obtain

In S’ frame:
x1 =0, xy=d
t; =0, t; =0




@)

In S frame:

X, = vt, X, =vt+d

t, =t =0 t,=t,=0
Since

At' = At =0

two events are simultaneous in one inertial frame and also
simultaneous in any other inertial frame.

Simultaneity and synchronizing clocks
0OS:

FEinstein for Everyone by John D. Norton

https://sites.pitt.edu/ " jdnorton/teaching/HPS 0410/index.html
In Einstein thinking, imagine a long platform with an observer located
at its midpoint.

1. A-event and B-event flash light simultaneously.
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The light arrives the platform observer at the same time, i.e., A-
clock and B-clock are properly synchronized.

2. The platform moves with constant velocity and A-event flash the
light earlier than B-event.
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The light arrives the platform observer at the same time, i.e., A-

clock is set earlier than the B-clock. A-clock and B-clock are

NOT properly synchronized.
Thus, two events that are simultaneous in one inertial frame will not

necessarily be simultaneous in any other inertial frame of reference,
At # At’

Consider observer A" and the light source are at rest in the spaceship

traveling with velocity v.

(@ vy
Mirror

(SIS -

¥

I'
X

Thus, relative to the light source, the observer A’ is in a rest frame

() yi (c)

|
I .

| Mirror
|

|

Ine==31 S chN J;év\ _ At
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The observer A, at rest on the ground, is in a moving frame (S).
From A.:

2 2
2
2 _ N2
(At) - C2 _ '172 (At )
cAt’ At'
At

Ve —v? J1-v2/c?

1
—_—>1
J1—v2/c?

At = yAt’

Let y =
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5H-2 Lorentz Transformation

A. LORENTZ TRANSFORMATION

(1) Derive a new transformation for two inertial frames

S S’
A rn
y
v ’
Z > Z
././
e
0 - 0’ xr'
x'=y(x—vt)
| "——
vt X

x' =y(x —vt)

y' =y
z'=2z
t'=yt+96)

The path of light in S frame
x2+y2+z22=ct? = it —x?2 =y? + 7
The path of light in S’ frame
x?+y?+z?% ="t -x?=y"%+2"7
Since
yZ +ZZ — yIZ +Z’2
we obtain
C2t2 _xZ — CZtIZ _ le
= c?y2(t +6)? —y%(x — vt)?
= c2y?(e? + 6% 4 2t5) — y?(x? + v?¢? — 2xvt)
= (c?y? —v?y?)e? + c?y28% — y?x% + ¢y ?2t8 — y?2xvt
Since there is no x and t terms on the L.H.S., we should not have x
and t terms on the R.H.S. Thus, we set

v
c?y?2t6 —y22xvt =06 = — X
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v 2
C2t2 _ xZ — (CZ)/Z _ v2y2)t2 + CZ]/Z (C_zx) _ y2x2

v2y?
= (c2y? —v2y?)e? + <_§_ _ y2> X2

Compare t? term (or compare x? term, we should obtain the same

result):
1
C2 = CZ)/2 — 172]/2 SY=E———> 1
1—v2/c?
Thus, we call the transformation as the Lorentz transformation
x'=y(x—vt)
y'=y 1
z'=2z , where y = ————

' v
t =y(t—c—2x)

(2) Using Lorentz transformation to derive the time dilation

OBSERVER IS AT REST
RELATIVE TO THE EVENT

y Y’

\Y /EOBSERVER}
%

l

(D

At=t; -t At' = t) —t]

The time interval measured in S frame is
At = tz - tl
Using the inverse Lorentz transformation

1A v 1A
t=yl|t + —CZ X
we obtain
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At =y (t2 + C—sz) 4 (t1 + C—2x1>
= y(t — 1) + 55 (x5 — 1)
1A yv 1A
=yAt' + FAx
Since Ax' = 0, we obtain
At = yAt’

Since y > 1, the observer in S frame measures a longer time interval
than the observer in S’ frame.

Using Lorentz transformation to predict the length contraction

OBSERVER IS AT REST
RELATIVE TO THE OBJECT

H

vV /EOBSERVER
B °OBJECT

[i2]
\<\

Y/

I

<

XpF=——=——-
NS

e

P
X x/

L=, U= xi-x,

The length measured in S’ frame is
L'=x;—x1
Using Lorentz transformation
x' =y(x —vt)
we obtain
L' =y(x; —vty) —y(x; — vty)
= V(xz - x1) - Vv(tz - t1)
=yL — yvAt
Since At =0

!

U=yL=L=—
14

Since y > 1, the observer in S frame measures a shorter length than the
observer in S’ frame.
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EXAMPLES:
1. Muon decay in experiments:

The decay time At = 2 us
The travel distance L' = vAt’ =~ 600 m
The high above the sea level of muon appears?
ANSWER:
The speed of u particle in the cosmic ray is v = 0.998¢
The decay time at earth is

At'
At =—=30 us
1—1v2/c?
h =0.998c x 30 =9000 m

B. RELATIVISTIC ADDITION OF VELOCITIES

(1) Using Lorentz transformation to derive the addition of velocities

S S’ u'
y Y Z i
v
x x'
, dx' B dx' dt
WS a0 T de dr
, _dy’ dx'dt
YW= T ae ar
, dz' B dz' dt
Yz =00 T dt dr
Since
, dx’ dx
x =y(x—vt)=>—dT=y TV =y(u, —v)

o (t v )=>dt’_ 1 vdx) (1 uxv>
-7 2 ac czat) Y c?

thus, we obtain
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x Uy U UxV
v{1-=7 2
dy
u = dt — uy
y U,V U,V
Y\t——<z) Y\‘*—(z
dz
u/ d_t _ Uy
z= UV UV
y\t\——2z) Y\!1——(=
EXAMPLES:

1. Find the relative speed of 2 with respect to 1 and the relative
speed of 1 with respect to 2.

0.6¢ 0.8¢c
oO— - O
Vi Vo

1 Earth e
ASNWER:
(@) S=earth, §' =
v ¥ )] 08¢
v vz
e Lo 5
y' §* 0.8 ¢
- O
A Vo
0! xf 2
u, = —0.8¢
v = 0.6¢
—0.8¢c — 0.6¢
Uy = —0.95¢

-1
1-— =z (—0.8¢)(0.6¢)
(@) S=earth, S'=2

o %
v S 06¢c
Q0 —
v V1
o x' 1
u, = 0.6¢
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v =—0.8¢c
, 0.6¢ + 0.8¢c
Uy = 1 = 0.95¢
1-— = (0.6¢)(—0.8¢)

2. Relativistic Doppler effect provides a direct evidence to exhibit
the validation of Lorentz transformation.

ASNWER:
Source (S") Observer (S)
y
i L\
x
0 - —————— - - >
cit
NA = cAt N
=cAt=>f=-
/= 1 At
Considering the source approaches observer
Source (S') Observer (S
yi‘
- = —

vﬂt’!\f\/\f\%(\/\f\f\f

OUUUUUUUUUx

cAt’
0 /
cAt
NA 4 vA = car > x = AL VAL €TV
N N
, c c N c fAt'
fzfz(c_—_v)m,zc—vzyzc—v At

N
Applying time dilation: At = yAt', we obtain
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3. A continuously emitted electromagnetic wave reflected back from
a mirror with speed v.
(a) What is the reflected frequency?
(b) If v < c, we assume f + fy = 2f,, what is the beat
frequency?
(¢) If beat frequency measurement is accurate to +5 H,, how
accurate is the v measured?
ANSWER:

(@)

(b)
flc—v) =folctv)
(f _fo)C = (f+f0)v ~ 2fov

2 2
Fof= 2
(©
Av = A—(f—;—fo—)% = 0.075m/s
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5-3 Relativistic Momentum and Energy

CONSERVATION OF MOMENTUM

Conservation of momentum arises basically due to the homogeneity
and isotropic nature of space. In Lorentz transformation, we have
assumed space to be homogeneous and isotropic. Thus, conservation of
momentum should be valid in special relativity as well.

Consider an elastic collision between two equal mass particles from the
point of view of two inertial frames S and S'.

In S frame, the center of mass is at rest and thus both particles
approach each other with equal and opposite velocities.

p1 = (—mvx, —mvy)
D2 = (mvx, mvy)

>
P = (—mvx,mvy)
g

Dy = (mvx, —mvy)
Conservation of momentum is given as
p1+ D2 =p1 + P2 = (0,0)

Now consider a reference frame S’ moving with velocity U = v, = v&
with respect to S. The relativistic velocity in S’ in terms of those in S
as follows.
_ —VUy —V _ 2v
M = T o/ T 1+ ve)c?
%

Y Yy J1—v2/c?

Uy = y(1 = (=vy)v/c?) 1+ v2/c?

05% 18 H



Ve —V v—v

Yox =717 v, v/c? “1- v2/c? -
u2 == vy = _i__
Y y(l—vxv/cz) \/i—vz/c2

Using Newtonian definition of momentum p = mv, then we have

. 2mv muvy/1—v?/c?
p1=(mu1x,—mu1y)= C1+v2/c?’ 1+ v2/c?
. mu,,
= () =0 7 075)
S, < 2mv muy /1 - vz/cz)
(—mulx, muly) =
(

C1+v2/c? 1+ v2/c?

Sy _ mvy
A= (0mmus) = (0 =)

+ , -
P1 T D2 1+v2/c?’ [T _p2/c2 1+ v2/c?
S 2mv mvyﬁt?7ﬁ muvy,
PL¥ P2 = 14+v2/c?’ 1+4+v2/c? 1—v2/c2

=Py + P2 # Py + Dy

(4) We should redefine momentum in such a way that conservation of
momentum holds in all reference frames moving at constant relative
velocities.

Mathematically, considering the case py,, + pzy = p1y + P2y in a general
form, i.e., assuming myv,,, # MaV2y, thus we have

myvsyy, mlvlyw/ v2/c2 _ Mmyvy /1 —v?/c? myvsy
J1—v2/c? 1+wv2/c? B 1+wv2/c? [1—v2/c?

Zmlvlyw/ —v2/c? 2m, vy

14+ v2/c? \/T—_UT/_CZ B
-2 1—v?/c?
= _ﬁi_j_ﬁ_ﬁ( Yy vijeE ’"2%) =0
Thus, we obtain
1—v?/c? myvy, 1+4v?%/c?
ml1713’1_4-_7/72__ 2v2y =0 myvy, 1—v?%/c?
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¢ c?\1+v?/c?

1

(1+v?%/c?)?>  4v?/c?
(1+v2/c?)?2 (14 v2/c?)?

_ 1
1-v?/c?
1+ v?2/c?
_ 1+4v?/c?
T 1—-v2/c?
we obtain
mapvsy
mlvly =

Hence, we use a similar form as above to redefine the momentum as
follows:

where U is the velocity of the particle and p is called the relativistic
momentum.

EXAMPLES:
1. Verify the conservation of momentum of the following collision.
[
F
e —Uyy
- tax
LN gy [™
e
®
ANSWER:
In S frame:

Before collision:
ﬂl = (0, —17), ﬁ)Z = (0, 17)
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After collision:
iy = (- 170) iy = (v,0)

- mus mv 0
p - = Y
2 J1 =12 /c? <\/1—vz/c2 >
= Py + P2 = p1 + B2 = (0,0)
In S’ frame:
Before collision:

Uy —V 0—v
u = = i
T —vw/c2T 1-0-v/c?
vy v v
u _

= y(1—vv/c?) T y(1—=0-v/c?) =;
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J1-v2/c?
o mv mv
1_< 1—v2/c?’ \/1_—_177/_C2>

L mv mv
p2 = < 1= vz/cz'ﬁt?Z7c_2>

After collision:
, Wy —v-v W
Mx T T/ T 1 wv/c2 . 1+ v2/c?
vy, 0
Uiy = - oN
y(1-wv/c?) A tww/et)
L, 2v
U=\ Tz

0555 22



(1 +v?/c?)? 4v2/c?
(1 +v%/c®)?  (1+v?%/c?)?

B. CONSERVATION OF ENERGY

(1) The work-energy theorem
The kinetic energy Ej, is the work done by a net force in accelerating a
particle from rest to velocity v,

Since

05% 23 H



1 u?/c? du
=m — + —
[1—uz/c2 (1—u?/c?)3/2|dt

du

Sy
dt >
(1 — u2/c2)3/2
du-u

Thus, we can define the relativistic energy

E=—— = E; + mc?
— N——r

\; 1—u? / c? kinetic energy ~ rest energy
where # is the velocity of the particle. mc? is called the rest energy

because there is no % in the formula.

(2) Taking the square of both sides

m?c
= (Ex + mcz)2 = E} + 2E,;mc? + m?c*
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Thus, the square of the relativistic energy
E? = E? + 2E;,mc? + m2c* = p%c? + m?c*
R ————

=p2c?
We then obtain
E =./p?c? + m?c*
EXAMPLES:
1. Verify the conservation of energy of a relativistic inelastic
collision.
Y} s (before) Y} S'(before)
m m X
Y¥ s (after)
av
W x
ANSWER:

e In S frame:

Before collision:

2 2 2

2mc

mc

- J1—u?/c? +\/1 — (—u)?/c? B J1—u?/c?

After collision:

mc

Ey

E, = Mc? - rest energy
Energy will be conserved in S if E,, = E,, i.e., if
2mc?

\/1—u7/72_

Mc? =

055 25 H



e In S’ frame:
Before collision:

, —u—u —2u
u = =
1—(—wu/c? 1+u?/c?
, 5 mc?
E,= mc* +
—— 2
rest energy 1 —2u
e ey
5 mc?
=me + ————

After collision:
) Mc? Mc?
E

a” \/1 — (—u)?/c? B \/1 —u?/c?

The energy will be conserved in S" if E, = Eg, i.e., if

Therefore, the conservation of energy will hold in all inertial
frames.

2. Show that if momentum is conserved in any reference frame
relative to S, the loss of the kinetic energy of the system is given
by

E, = Mc? — 2mc?
ASNWER:
In S’ frame:
_ —u—u . —2u
T 1-(—wu/c?  1+u?/c?

ul
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mu’ 1+u?/c? 2mu

pz\/l—u’z/cz_\/ 1( Yy >2_1—u2/c2

L =-a\tra/e

Conservation of momentum requires that p = p’, or
Mu 2mu

JI—ujc? T 1—u?/c?

= 1VIC2 == Ek + 2mC2
1—u/c?
= E, = Mc? — 2mc?

. A stationary body explodes into two fragments each of mass 1.0
kg that move apart at speeds of 0.6¢ relative to the original body.
Find the mass of the original body.

ANSWER:

The rest energy of the original body must equal the sum of the
total energies of the fragments.

myc? myc?

J1—u2/c? +\/1 —u3/c? -
. 1.0 N 1.0 _ 2
J1-1(06)2 J1-(0.6)2 /1-(0.6)2

2

mc

=2.5kg
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H-4 Lorentz Invariance

A. MINKOWSKI SPACE

(1) Invariant under Galilean transformation
The length:

(85)2 = (Ax)? + (8y)” + (Az)?

Since
(As)? = (Ax)? + (8y')” + (Az")?
= (Ax — vAt)? + (Ay)z + (Az)?

= (Ax)? — 2vAxAt + v2 (A1) + (Ay)” + (Az)?

= (As)? — v2(At)?
Let At = 0 and we obtain
As' = As
Define a vector in Euclidean space:

X
X=<y>=>XT-X=(As)2

V4

(2) Invariant under the Lorentz transformation
The spacetime interval:
(85)? = (cAt)? — (Ax)? — (Ay)® — (Az)?

Since

(As")? = (cAt')? — (Ax")? — (By')* — (Az")?

v 2
= c?y? (At —— Ax) —y2(Ax — vAD)? — (Ay)” — (8z)?
C2

vZ
=2 <c2(At)2 — 2vAtAx + = (Ax)2>

—¥2((Ax)? — 2vAxAt + v?(At)?) — (Ay)2 — (Az)?

2

=y2(At)?(c? — v?) — y2Ax? (1 — Z—2> — (Ay)2 — (Az)?

= c2(AD)? — (Ax)? — (By)” — (Az)?

= (As)?
(As)? is invariant under the Lorentz transformation.
Define a four-vector of spacetime:
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X = 32’ = Xt X # (As)?

ct
We introduce a metric matrix n as,
-1 0 0 O
/0 -1 0 O . . ) )
n={ o 0 -1 0 Minkowski metric matrix
0o 0 o0 1

and obtain
Xt.n-X=c%t?-x%—-y%—2%2 = (As)?

(3) Lorentz transformation in a symmetric matrix form

x’=y<x—z(ct)) , y 00 _],E
c X c\/x
y' =y N y|_| 0 10 0 y
z'=z z' 0 0 1 z
ct' =y ((ct) - ;x) ct’ —Vg 00 vy ct
Let
v
oo
A=l o 01 o
v
—yz 0.0 ¥
The Lorentz transformation is
X =A-X
Since
X’T'l‘]'x,=XT'AT"I]‘A'X=XT'I]'X
—(as')? =@
=>ATn-A=n
EXAMPLES:
1. Using spacetime interval to derive the time dilation and length
contraction.
ANSWER:
()

05529 H



S A S’ j“
!
L’ tl
1 >
— x’ >
|
A !
S S J
v
—
tl
@ 2
> 1 Pt
> x' >

(As")? = (cAt")?
(As)? = (cAt)? — (Ax)?
Since (As’)? = (As)?
(cAt)? — (Ax)? = (cAt')?
(cAt)? — (vAL)? = (cAt')?
2

2 _ ¢ "2
(At)° = P (At

At = ¢t At' = ! —— At' = yAt’
T e — 2 B 1—v2/c2 =Y

(b) Length contraction

A SI S,
v v
— )
S S
li
Al el

i > 1 >
X X
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" 2
(ASI)Z — (CAt’)z _ (Ax,)z = CZ <%> _ LIZ

2
(As)? = (cAt)? — (Ax)? = c? (%)
Since (As')? = (As)?

12 LZ
2 2 _ L2
c ;7—14 =C ?
LIZ — __Czlli_ 2 — —1—— 2
c2/v? -1 1—v2/c?
LI
L'=yL=>L=—

B. THE REST ENERGY & THE REST MASS

(1) The relationship between energy and momentum in two inertial frames
vhb g ibog

z z
In S frame:

In S’ frame:
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(1-uv/c?)?  (u-—-v)?/c?
(1—uv/c®)?2 (1 —uv/c?)?

T A2/ - w2

_ 1 mu B mv
- J1—1v2/c? <\/1 —u?/c? J1 —u2/02>

v
()
Dy =Dy
Pz =Pz
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E=——
\/1_— u'?/c?
3 mc?
B 2
1_l _u-v
c2\1—uv/c?
mc?

(1—-uv/c?)?2 (u—7v)2/c?
(1—uv/c®)? (1 —uv/c?)?

2

mc
B 2 2 2.2
v2  u?  u?v
- ——a+t-—
c2 ¢ C
(1 —uv/c?)?

mc?(1—uv/c?)

T A =02/ - w2

1 mc? mu
= -V
J1—-v2/c2\J1—-u?/cz2  \J1-u2/c?
=y(E —vpy)
In symmetric matrix form:

v
Px v o 00 =yo\ p,
py | | o0 1 0 o0 Dy
p. | ] 0 01 o0 Pz
E'/c —yl:- 0 0 y ) \E/c
Define a four-vector of momentum-energy:
Px
_| Py
P= Pz
E/c
We obtain the Lorentz transformation
P=A-P

(2) The rest energy
Using Minkowski metric 1, we obtain
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2
PT-n-P=E%- (pxc)2 — (pyc) - (pzc)2
2
_ me) (o)’ (o) (muge)’
T 1-—u?/c? 1 —u?/c? 1 —u?/c? 1 —u?/c?
1—(u,zc+u32,+u§)/c2 2
- 1—u2/c? (mc?)

= (mc?)

Since
(m'e?) = B ~ (ps)” - (pye) — (phe)”
= y2(E—vp,)” - (V (px - C—UZE) C>2 - (pyC)z — (psc)’
=y? <E2 — 2Evp, + v?pg — pic® + 2p,vE — Z—zE2>

- (1) - (e’
S
- 5yt~ () - ()
= E% = (pyc)” - (zoyc)2 = (pc)’
= (mc?)’

N2 . . . .
(mc ) is invariant under a Lorentz transformation.

(3) The rest mass

Since
2
(mc?)” = E2 = (pyc)” = (pyc) = (psc)”
we obtain
2
(B = (00 = (5y6) - ()’

Considering an atom composites two identical moving particles
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Y4 s (before) Y} S'before)

— U

u -u 2u/(1+u?/c?)
—_— et e —Q >
m m X m m X
YV s (after) y S'(aﬂer)

AT

In S frame (center-of-mass):

myuy mu
p = p—
' J1—-u?/c?  J1—u2/c?
mu

The total momentum is p =p; +p, =0

m2u2c? mc?

2 2
E, = \/(m1c2) + (pic)” = \/m2C4 + 1 s =

m2u2c? mc?

_ 212 2z _ 24 =
B = {(mac?)’ + () —jmc v/ T e

The total energy is

mu u mc?
= y e ———————
V1 —u?/c? Czﬁ—uz/cz

The total momentum is
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=mc
E; = y(E; — up,)
mc? + mu
J1-u2/cz J1—u?/c?

1+u?/c? X
= it?7c_2 mc

The total energy is

14+ u?/c?
E=E +E,=mc*+ <___L_> mc2

1—u?/c?
The rest mass is

OS:

From the relativistic energy

Ei = \/(mcz)z + (p{C)Z = mc?
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E} = \/(mcz)z + (péc)z

= \/mzc4 + 4y*m2u?c?

2 4 2
1-28 + % 4%
- mc? cz2 ' ¢ c
(1 —u?/c?)?
1+u?/c? 5
==z
EXAMPLES:

1. Considering an atom composites two identical moving particles.
The rest mass of each particle is 4 kg. What is the rest mass of

the atom?
yi
s
u=0.6¢c u=-0.6¢
m=4Kkg m=4Kkg
X
ANSWER:
e In S frame (center-of-mass):
vi
S System
m=10kg
X
4 x 0.6¢ 3
D1y = —————=3¢C
T [ (06002
P2x = —3cC

Total momentum: p = pyy +p2x =0

E, = \/(mcz)z + (pc)z = /42 + 32¢2 = 5¢2
EZ = 5C2
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Total energy: E = E; + E, = 10c?
The rest mass of the atom is

e -
M= l@——p—c— =102 =02 = 10

e In S’ frame (Lab frame):

Y
S System v=06¢
X'
Pix =0
E;\  —3c—-0.6X 5
P2x =V |\P2x — V5 | =5 = —7.5¢
* c? 0.8
Total momentum: p = —7.5¢
E] = 4c?
) 5¢% + 0.6¢ X 3c 5
E; = y(E2 — vax) = — = 8.5¢

1-0.62
Total energy: E = 4c? + 8.5¢% = 12.5¢?

The rest mass of the atom is M = V12.52 — 7.52 = 10

2. An unstable particle having a mass of 3.34 X 10727 kg is initially
at rest. The particle decays into two fragments that fly off with
velocity of 0.987c¢ and —0.868c. Find the rest masses of the

fragments?
ANSWER:
Conservation of energy in CM frame
Moz = e 2 =M P
J _u \[ _u \[1_u_% \[ _u
c? c? c? c?
1 1
== = = 6.22
-4 109872
c c
1
== = 2.01
-4 J1- (08082
c c
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= 3.34 X 107%7 = 6.22m, + 2.01m,
Conservation of momentum in CM frame

_ MU Ml
J _uf \[ _u
c? c?
—
u
uN1-22 0.868c  2.01 0284
= = — p— = = V.
T T 22T 0987 622 M2
1—C—§

= 3.34 x 10727 = 6.22 x 0.284m, + 2.01m, = 3.78m,
= m, = 8.84 x 10728
=my = 2.51x 10728
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5-5 Electric Field Measured in Different Inertial Frames

A. LORENTZ TRANSFORMATION OF
ELECTROMAGNETIC FIELDS

(1) Consider a charged particle moving in constant velocity

S

- -

xi’

We can decompose 7 and 7' into 7, 7, #{f, and 7| which lie parallel
and perpendicular to ¥. Thus, we obtain

TAO‘I'(‘]ltZ tl'{ﬂ'lsf‘(’)l"]’llﬂti(:)]l i]’l\'(‘,l'ﬁ(‘ I;Ol'C]ltZ tl'{\‘lleOl']ll{lti(’)ll
7 - - >/

L =71 rL=r

=1 2 2 = > >,/

i = y(# — vt) S n= y(# +vt')

t,_ _E —_ ! _’l_}_ d 4
v(t-= 7 t=y(t'+—7

Furthermore, we can obtain the Lorentz transformation of V
g 0
or, o7,
(’) 6 6?'" 0 aa 6 at

+ = g ~0+ 0.7
“or ! TR ot ¢z

o v
-7 <ar|| c? §>
d d ot 09 or a ., 0
ﬁ:aﬁ*a—f@‘Y(at a_)
We express the transformations in a compact form

V’J_: vV,

V= V+ﬁa
1= Y\ Vi 2ot

0 _ (245w
rratd Friu
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(2) Considering the electromagnetic fields of a moving charge

In S frame:
- a - — -
E= —Vo¢ — —A , B=Vxi
N g.t,,._x ~————
Helmholtz ~ Faraday's law Helmholtz
theorem [c.£.7-2-C] theorem
In S’ frame:
o W d a1 D’ 1o A1
E=-Ve A, B =vxA

~at’
We decompose E’ and B’ into Eﬁ, El, §ﬁ, and B which lie parallel
and perpendicular to ¥. Thus, we obtaint the parallel and
perpendicular components of E'" are

-

o o 0 (4
Ej=-Vjo'—=—=4,

at’
E-’/ =V ¢ — — A)/
1 1 9 L .
and the parallel and perpendicular components of B’ are
B' =V x A

= (7 + V1) x (4 + A1)
=V X A} + V) XA + V) x A} + V| XA
Bj B}

B =(v ><A')|| =V x A +V, x A} =V, x 4,
=0

*1=(v'xff')l=v;|x£1+v1xjﬁ

(3) Derive the Lorentz transformation of the electromagnetic fields

We deduce the Lorentz transformation of potentials A and o as follows
by considering the Lorentz invariance of electrodynamics:

A)’J.:A)J_
>, - 1-7)
Ay=v{Ai—-Ze

¢ =y(¢p-7-4)
For each term of the electromagnetic fields

L. Eﬁ term:

05541 H



o o 0 (4
Ey==-Vio' =554

= Y(Vn*':‘?‘)y(@_v A) - y( A
=—V2(V||<P+CEZ%<P—VM( *)_ ai( )
-y (aa A+ (3 V)4, - Czat - (v V) )

=-y? (VM(P —EUE(’? ' V)‘P) (:tf‘fu Z;t (3 A))
+y? (Vn (17 : I‘T) —(@- V)An)

Since ¥ is a constant vector, we obtain
1_7) A = 1_5 . A” = 13(1_7) . A) = Uﬁ(UA") = UZA”
N

inner
product

7.V =3-V=>3(3-V) =v?y,
—
mner
product

Thus, we obtain

. 5 v? , (0 - v .
Ey==r"(ie—-=Vie | =¥ (5:4 — =54

(Vu (U An) CE Vu)/Tu)

Q)Q.)
y
<
N~
~<
S
ey

Nl <

+y? (Vu (1’ Au) (@ Vu)“Tu)

9 . N
=—Vie-2 4+ y? (Vu (V : Au) - (@ Vu)Au)
Using vector triple product identity:
U X (Vu X /T”) =V (’7 : “Tn) ~(F- V)4 =0

-0
We obtain
= a - -
By =-Vio -5 4 = E

. E] term:
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Using vector triple product identity:
‘I}) X (VJ_ XA)”) = VJ_ (1_} ‘/i)") - (1_7) . VJ_)/T" = VJ_ (1_} ‘/i)")

=0
5 x (Vyx Ay) =V (- 4,) = (5 V)4, = (5 V))A,

=0
We obtain

By =vE +y (3 (Vo x 4y) + 5% (v x 4,))
=y§l+yﬁx(vl></f"+vu></ﬂ)
=yE, +yP x B,
=y(l§+13><1_3”)l

} §|'| term:
By =V, x 4,
Since
V=V, and 4, =4,
we obtain
. Eﬁ = §||
. B! term:
B =V x A + V' x 4]
Since

, 5 9 L (. B

we obtain
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N y| . affl
:]/BJ_+C—2 —U X —? +UXV_L(p
=yB, ——vX|——F=—

Yb,y o2 < at 1

— y_) -
=yBJ__C_2 XE_L

Thus, the Lorentz transformation of electromagnetic fields are

E/=E, E =y(ﬁ+a><§)L

- — — — 1._7) -
L

(4) Suppose S frame exists in which B =0 in some region. Then in any
other S’ frame that moves with velocity ¥ relative to S frame, we have

Ej=E, E{=YyE,
. . 1—; R R (a)
B"=0, BJ_=—]/?XEJ_
EXAMPLES:
1. Consider a pair of closely spaced charged plates.
At rest Moving horizontally Moving vertically
+ 4+t b+t thitbbbibidt, | o + 4+ bbb+

IERRNRRN

E=— L =YE, Ey = E
ANSWER:
If we put the plates in motion to the right they get length-

contracted, but the total charge on each is an invariant so the
surface charge density increases by the Lorentz factor, and
therefore so does the field strength.

If the plates are moving vertically then the distance between
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them gets length-contracted, but for closely spaced plates the
distance has no effect on the field strength so the field strength is
the same as in the original reference frame.

B. GAUSS'S LAW FOR MOVING CHARGES

(1) A moving point charge q
I's/s

@ >

We consider the fields seen by an observer in the S frame when a point
charge g moves with a velocity v. The charge is at rest in S’ frame, i.e.,
the field of the point charge in its own frame is entirely electrostatic:

'Y

S S’
/‘
—r. Y |8
Ao
E

Retarded position (t = —t) Present position (¢t = 0)

xl

E’ = — 9 =
* 4meyr'? €08 4me, (2 + y12)3/2
B q Yy

= ——sinf =
Y Ameyr'? 47e, (x72 +y’2)3/2

Since B’ = 0 in S’ frame, we have, according to equation (a),
Ey=Ey, E =YE|
Thus, we obtain
q x'
By =Ey = 3/2
4re, (xIZ + yIZ) /
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q vy’

E,=yE, =
y y 3/2
477.'60 (xlz + yIZ)
Point charge at rest (in S’ frame) Point charge in motion (in S frame)
o
o E/
E' ~ ' 'Ey
S E, /
Ex Ey
y' y
x' x

As the point charge is at rest (in S’ frame), every point on the sphere,
the field has the same strength and points directly away from the point
charge.
As the point charge is in motion to the right (in S frame), the sphere
gets length-contracted, flattened in the direction of motion and the
components of the field perpendicular to the motion get stretched by
the very same Lorentz factor.
Using Lorentz transformation and let t = 0:

x'=y(x—vt) =yx

y' =y

z'=2z

t' = y(t —£x> = —y—v—x

c? c?

The fields become

i

P x __4 yx
X 4me, (x’z +y’2)3/2 4me (y2x2+y2)3/2
q Yy' q Yy

y = 41e, (x,z + y,2)3/z = 4re, (y2x2 + y2)3/2

We obtain the electric field in the laboratory frame:
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g4 yx PO vy 5
- 3/2 3/2
4Te, (y2x2 + yz) 4me, (yzxz + yz)

q 1 (x% +y9
= xXx + yy)
4'7'[60 yz(xz +y2/y2)3/2
_q 1—v?/c? P
 4mey (R2 cos? 6 + (1 — v2/c?)R? sin? §)3/2
q 1—v?/c? R

" 4mey, (1 — v2/c?sin29)3/2R2 (b)
The electric field is radial, but the lines of force are isotropically
distributed only for v = 0. Along the direction of motion (8 = 0), the
field strength is down by a factor 1/y? relative to isotropy, while in
the transverse directions (6 = /2) it is larger by a factor of y.

byt
..\\ //,.
SR
i

i

The field points directly away from the point charge, but it's not the

same in all directions: it's weaker in front of and behind the particle,
and stronger to the sides
0OS:
Further reading: accelerating charge
https://physics.stackexchange.com/questions /296904 /electric-

field-associated-with-moving-charge

(2) Gauss's law for a moving point charge

dd = F - dd = — L=vi/e R e inododgh
B a= 4mey (1 — v2/c? sin2 §)3/2 R? st ¢
® = ¢hdo fﬂ 1 L—vi/c” nods [ d
= = sin
B o 4mey (1 —v?/c?sin?0)3/2 0 ¢
=27

Using the integral formula:
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] sin@ dé —cosé@
( i B

1 — a?sinZ 9)3/2 - (1 —a?)(1 —a?sin29)1/2
We obtain the flus of a closed surface around a moving charge
1-v?%/c?
o= 40 /c?)

4me,

T
—cos@

-2
(1—v2/c?)(1 - v?/c?sin? 6)1/2| &
q(1—v?%/c?) 2

2¢€g

(1-v?%/c?)

€o
(3) A line of moving charges (moving rod)

¥
¢

An infinity long rod carrying uniform charge 4 moving with velocity v

+++Id¥[++}{i++++*++]*l++}L
X
x
From equation (b), we have
/s
=——9¢
=5 X
i = dq 1—v?/c? R
" 4mey (1 — v?/c? sin? §)3/2 R?
_dq 1—v?/c? R
4me (1 —v2/c2 cos? ¢)3/2 R?
E-’ fn/Z dE fn'/Z dq 1—U2/C2 7
= cos -COS
—n/2 ¢= /2 4meq (1 —v2/c?sin? 9)3/2 R2 ¢
Since
dq = Adx
d r d Ard
Rd¢ = dxcos¢p ; = dq = AR ¢ = ¢ ¢
r =Rcos¢ cos ¢

cos ¢ cos ¢ ~ Cos? ¢
Thus, we obtain
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. m/z q 1—v?%/c? 7 Ard
E=f / 0os¢ ¢

P (1 — v2/c? cos? ¢)3/2 r2/cos? ¢ cos? ¢
3 m/z ) 1—v?/c? 7
= f_n/Z 41€, (1 = v?/c? cos? ¢)3/2;Cos¢d¢
= fﬂ/Z A L-v?/c? fgd (zsin ¢>
—n/2 4T€o (1 —v2/c? +v?%/c?sin? ¢>)3/2 rv.A\c

Using the integral formula:

dt _ t
(az + t2)3/2 - a2(a2 + t2)1/2

We obtain
2/.2\V o e
B_ A fe (1-v?/c*)gsing
ATeg TV (1- vz/CZ)(l —v2/c? +v2/c?sin? ¢)1/2 \
-1
i Gwyep
= dmeqr (1 —v2/c?2)(1 — v2/c? + v2/c?)1/2
— A’ i~
- 27T€0rr

(4) Gauss's law for a line of moving charges
The field of the infinity long rod in its own frame is entirely
electrostatic, i.e.,

=3 - /1’
#E,'da'zE’-an’l’=—Q—=>E’— Q = p!
S

€o C 2mer'l! T 2meqr’
Since B’ = 0 in S’ frame, we have, according to equation (a),
Ey=E, E =yE|
Thus, we obtain
S o A ? A
E=yE' = 4 -7 = 7
2meyr 2megr
Since S’ frame moves with velocity v with respect to S frame,

~

r=r'
the distance between charges in the rod as seen in S frame is
contracted by
ll

l

The linear density of positive charge in this frame is correspondingly

Q_ Q@ Q )

[Ty YT
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Thus, we obtain
B = A
" 2meqr

7

C. LORENTZ FORCE BETWEEN MOVING TEST CHARGE
AND OTHER CHARGES

(1) The Lorentz transformation of the force

S’'system v:S' with respectto S

S system X

Y
W= qtr — dt dt’ ~ dt/ dt
B dp, dpydt dp) jdt’
L7 der T ode dt' T dt/ dt

Since

" . v, dt’ " v-u
= - = — = -
14 c? " dt Y c?

Thus, we obtain

R dt  c2dt I c2dt
Il > - > o > =
v-u v-u v-u
- e F
=t =

From the work-energy theorem,

) a5 dp d7 dp
E:fF-dF— P ogp= |22 —zdt=fd—?;-z_idt

a7 ) ae dt

we have
dE dp_) - = SN > - N
E——E--u—F-u—(F"+FL)-u

05% 50 H



Thus, we obtain

s>
|
—
—~
feo!
+
}_ﬁ-u
N——
N4
~

Fy r —— F. U
v-u v-u
v
- ﬁ >

If the S frame is the rest frame of the particle, then # = 0 and we have

F||'=1“:||
- F
Fl=—=

Y

(2) Stationary rod and stationary test charge q
yi

qs

A test charge q at rest a distance r from an infinity long rod carrying
uniform charge A. The field of the infinity long rod in S frame is
entirely electrostatic, i.e.,

=, Q - Q A
E-da=E - 2nrl=—=F = = 7
B €o 2megrl  2megr
The Lorentz force on the test charge is
S
== 27T€0Tr

Now consider an observer moving to the right with velocity v. In S’

frame, both the test charge and the rod move to the left, and
r'=r

Since B = 0 in S frame, we have, according to equation (a),
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Ej=E, E|=vE,

Bi=0, B, =-y=xEg
=Y, 1= VCZ 1

Thus, in S’ frame, we obtain

R - yA
E=yE=—"—+¢
4 2meyr
- v YA yAv
B'=—-y—XxE PXF=— —2
vz 2meyCc?r 2meyc?r

and the Lorentz force is
F' =q§’+qﬁx§’

_Yvqh , yqvt
_27TEOT'T 2meqre?

vq4 v
= 1-—|#
2meyr c?

qr 1.
=c -7
2megry

F
14

(3) The Lorentz force between a moving charge and other moving charges.
P

S |y
. —f”‘\\‘ |
CHARGE H
s
] |
\ A.\',\“- |
\ RAME \
\ o e ° v
| ey
. A
Electrons / \
o L ] o o o L ] L ] o o o o o ® L ]
° . ° ° o o ° ° o e o ° °
Ions
A

In the test charge frame (S'), the positive ions are moving with velocity
— v. The distance between ions as seen in S’ frame is contracted by

The linear density of positive ions is correspondingly
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, _Qe_©Q _ Q_
Alon_l’_l/]/_yl_}/A

Electrons are already moving with velocity vg in the lab frame (S).
Using addition of velocities, the velocity of electrons in S’ frame is

, Vg — v
V) = — —
071 —vyv/c?
The Lorentz factor of electrons in S’ frame is
, 1 1
Yo = T/——

) Yo =
/1—17(’)2/c2 \/7—170/C

Thus, the linear density of electrons is correspondingly

!

o
electron — Y0 7~
Yo

The total linear density of charge in S’ frame is

li ’ _ ’ A
A= /11011 ~ “electron — VA ~ Yo~
Yo

Since
1 1
12 -
J —viz 1__1_ _vo—v_z
¢ c?\1—vyv/c?
_ 1
(1- vov/cz)2 (vo—v) /c?
(1- vov/cz)2 (1 —vov/c?)
_ 1
v§ v? | v§v?
Tt
(1—wov/c?)
1
(1 —v2/c2)(1 —v?/c?)
(1—vov/c?)”
1 1 VoV
= o2
IRV
=y
=Yo

we obtain
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V=i — A 1 (1 vov) A Y%
=Y Yo— Yo =Y YoV 2 )y, o2
Thus, in S’ frame, A’ # 0 implies that the total cahrge is not neutral

around the test charge. The field of the wire in S’ frame is
VoV

oo A Al VATZ_ Al ]//11]017 Al
2meqr! 2meqr’ 2mec?r’
The test charge will therefore experience a Lorentz force
o - qyAvyv
FI — El [ !
1 2megc3r!

The force on the moving test charge, measured in S frame, is
=1

ﬁ'—ﬁ,— q—Avgv qul |
Ty 2megc?r! 2meocir
Since
1
c?=—-
Ho€p
thus, we obtain the force
> HoqV! Kol
F=-22"p=
2nr = <2nr>( y)
Let ® X 2= —9 and ¥ = vX. The force, in S frame, becomes
= A~ “01 A - HOI A - =4
= X|— = X — = X
F = quvx (27”)2 qv anz qu X B
where
= Mol

Conclusion: if a charge is stationary, it only produces an electric field,
but when viewing the charge from a frame that is moving relative to
the charge, a magnetic field is also produced.
NOTE:
An electric field for someone in the stationary frame, might
appear as a magnetic field for someone else in the moving frame,
because eletric and magnetic fields are not invariant under the
Lorentz transformation. That is, two observers may disagree on
whether a field "looks" electric or magnetic.
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